We consider an algebraic representation formula for meromorphic curves in C 3 with preset infinitesimal arc length, i. e., a differential operator M assigning to triples (f, h, d) of meromorphic functions meromorphic curves Φ = (ϕ1, ϕ2, ϕ3) such that d is the infinitesimal arclength of Φ, in this way obtaining the complete solution of the differential equation ϕ Computer algebra systems are an excellent tool to handle formulas of this type. We give simple Mathematica code and apply it to work out some examples, graphics as well as algebraic expressions of complex curves with special properties. For the case d = 0 of null curves, we give some graphical examples of minimal surfaces constructed in this way, showing deformations and symmetries. We give an expression for the curvature κ of Φ in terms of the Schwarzian derivative of f and for the case d = 1 a simple differential relation for f and h equivalent to the condition κ = 1
Introduction
The isotropic cone I ⊂ C 3 consists of all vectors z = (z 1 , z 2 , z 3 ) ∈ C 3 , z = 0, such that z A null curve Φ(z) = (ϕ 1 (z), ϕ 2 (z), ϕ 3 (z)) in C 3 is understood as a curve whose tangent at each point is a line on I, i. e., ϕ 1 2 + ϕ 2 2 + ϕ 3 2 = 0. We will always assume that Φ is full, i. e., that Φ , Φ , Φ are linearly independent.
Consider the open dense subset
A parametrization of I 0 is given by the bijective map
Deformations of null curves
In this section we recall results of [6] . 3 Φ dp 3 , d 3 Φ dp 3 (2.1)
The functions p and κ are a complete system of invariants of null curves. In terms of the Weierstraß data (ω, f ) the natural parameter is given by p (z) = f (z) ω(z).
Putting ω(z) = 1/f (z), then WEI * f = WEI 1/f ,f is a null curve in natural parametrization, whose curvature is given by Schwarzian derivative S(f ) of f :
2)
The original curve Φ can be reconstructed from p and κ by solving a linear system similar to the classical Frenet equations in R 3 . (See for instance [6] for details.) Theorem 2.1 Assume that Φ is a full null curve in natural parametrization (i. e., p (z) = const = 1), h(z) an arbitrary meromorphic function and κ Φ (z) the curvature of Φ. Then, the following linear combination of Φ , Φ , Φ
is a new null curve as well as the sum Φ(z) + ∆(z).
A proof of this as well as of some generalizations will be given in section 5 below.
Consider ∆ for h = ε h 0 , where h 0 is a fixed function and ε a complex parameter. Since ∆ is linear in h, it approaches 0 as ε −→ 0 and Φ + ∆.approaches Φ. Therefore,we give the following definition: Definition 2.2 We call the operator VAR : (Φ, h) −→ VAR Φ,h := ∆ the variation and DEF Φ,h = Φ + VAR Φ,h the deformation of Φ by the function h If Φ is not given in natural parametrization, a similar but more involved formula for ∆ is obtained by the help of the chain rule involving the derivatives of p(z) up to order 3. Computation of algebraic expressions of these operators and invariants can be accomplished by means of computer algebra. The following Mathematica programs encode the Weierstraß -formulas and their derivatives as wei and weip respectively, the natural parameter as natparprime, the curvature κ as curv, and the variation VAR Φ,h of a null curve in arbitrary parametrization as var, Expressing the curve Φ by its Weierstraß data f, ω, we obtain from VAR Φ,h an algebraic representation formulas free of integrations. For Φ(z) = WEI ω,f , the assignment (ω, f, h) −→ VAR Φ,h is a differential operator in terms of ω, f, h, linear in h.
In the case Φ(z) = WEI * f of the Weierstraß curve in natural parametrization we obtain a differential operator
in terms of f, h, denoted by the same symbol, with the following explicit form:
(2.5) The infinitesimal natural parameter of VAR f,h is a differential operator, linear in h, whose coefficients can be expressed in terms of the Schwarzian derivative S(f ), as can be easily verified with the Mathematica terms of above:
. (2.6) Similarly, the curvature of VAR f,h is a linear differential operator of order 5 in h whose coefficients depend only on S(f ).
We mention an unexpected coincidence of the second expression in (2.6) with an explicit formula for the coadjoint action of the Virasoro algebra on its regular dual space (see Exercise 1.6.2 in [9] ).
The real part x(u, v) = (Φ(u + i v)) of any null curve Φ(z) in C 3 is a minimal surface in R 3 in conformal parametrization. We give two examples of deformations of null curves and show plots of the corresponding minimal surfaces. At first, a deformation of a catenoid and its associated minimal surface, a helicoid, are visualized. The parametrized null curve of the catenoid is given by VAR f,h , where
7z and the deforming function is chosen as h(z) = 1 17 e 2z + sin(z/7) . The original catenoid and helicoid are indicated by circles and helical lines respectively.
The other example shows the minimal surface corresponding to the null curve Φ n (z) with Weierstraß data ω(z) = z 2−1/n and f (z) = i n z
and a deformation by the function h(z) = a z 2 , a ∈ C for the values n = 6 and a = 0.3.
Symmetries of (f, h) −→ VAR f,h
We mention some nice properties of VAR f,h . The algebraic Weierstraß map (1.1) is equivariant with respect to the group homomorphism µ : Sl(2, C) → SO(3, C)
sending a matrix M = a b c d ∈ Sl(2, C) to the following matrix of SO(3, C):
(3.1) More precisely, this homomorphism is the one obtained pulling back the natural action of SO(3, C) on the isotropic cone I to the Weierstraß data f, ω. If M acts on a pair (ω, f ) by linear fractional transformations
The Weierstraß formula in natural parametrization has a similar property of equivariance: If Φ = WEI * f , and Φ 1 = WEI * f1 then Φ 1 = µ(M ) Φ. This poperty is passed on to all derivatives of WEI * f and the curvature of WEI * f remains unchanged. Therefore, it is passed on to VAR f,h too:
is equivariant with respect to the group homomorphism µ : Sl(2, C) → SO(3, C) given by (3.1), where now M acts on a pair (f, h) by linear fractional transformation of the first argument f , leaving the second unchanged.
In addition to this, (f, h) −→ VAR f,h is bijective and its inverse is given by elementary operations.
Theorem 3.2
The range of (f, h) → VAR f,h is the set of all null curves Φ(z) = (ϕ 1 (z), ϕ 2 (z), ϕ 3 (z)) satisfying the condition ϕ 1 − i ϕ 2 = 0 and a pair of functions (f, h) such that Φ = VAR f,h is given by
Finally, there is the natural behavior of VAR f,h with respect to changes of variables.
Theorem 3.3
Under a change z → t(z) of the parameter, VAR f,h transforms in the following way:
Therefore, if f and h are a meromorphic function and a meromorphic vector field on a Riemann surface then, defining (f , h) → VAR f ,h as in (2.4) in terms of a local coordinate z, the result is independent of the choice of z.
For easy proofs of theorems 3.1, 3.2, 3.3 a computer algebra system such as Mathematica can be used. The following is a simple Mathematica-code for VAR f,h based on the more involved expression variation of VAR Φ,h given above.
The equivariance of theorem 3.1 can be used to construct symmetric minimal surfaces. We end this section with graphical examples of suuch minimal surfaces.
The subgroup G Quat ⊂ Sl(2, C), consisting of all matrices z w −wz with z, w ∈ C, |z| 2 + |w| 2 = 1 is mapped under the group homomorphism µ of (3.1) onto the real orthogonal group SO(3)) ⊂ SO(3, C). For a real number r ∈ R define the following 1-parametric subgroups of SO (3) z z/3 and a constant function h(z) = −1 + i we obtain in a similar way the following surfaces:
Example 3. Examples of surfaces symmetric with respect to a rotation around the x-axis are obtained from the function f (z) = tanh(z). Under the action of
i. e., the action of M yz (r) coincides with translation by −i (r/2). An i r/2-periodic function is h(z) = exp(4 z π/r). Therefore VAR f,h is invariant under rotations around the x-axis with (real) angle r. Below we show parts of the surfaces obtained for r = 5 π/2 and r = 7 π/2. r = 5 π/2 r = 7 π/2
Defining VAR by a natural operator
In [5] we gave an other construction of an integration free representation formula in C 3 . Let Σ be a Riemann surface and denote by A Σ the set of non-constant meromorphic functions, by X Σ the space of meromorphic vector fields, and L Σ the space of meromorphic 1-forms. Moreover, let (A Σ × L Σ ) * n ⊂ A Σ × L Σ be the set of pairs (f, ω) such that the products f k ω are exact for k = 1, . . . , n − 1.
, is defined by the following recursive procedure:
In the local setting, i. e., for meromorphic functions f, h on C explicit expressions for M n (f, h) can be computed by hand. In the case n = 3, the result for M 3 (f, h) differs only by the factor f (z) from the natural parameter p f,h of VAR f,h as given in (2.6).
(4.2) Now, if in the Weierstraß formula (1.3) the form ω is given as ω = M n (f , h) the corresponding integrals are expressed explicitely by the operators σ k,n (f , h) and in the case n = 3, up to a factor i, the result agrees with (2.5):
Theorem 4.1 For any meromorphic function f ∈ A Σ and any meromorphic vector field h ∈ X Σ holds
) respectively, the recursion (4.2) leads to the following explicit form of VAR f,h (z):
3) The recursion procedure (4.1) and the resulting 'free Weierstraß formula' (4.3) occurred in a number of other papers, for instance [3] , [8] , [10] , [11] .
For k = 1 and k = 2 we have
Let us introduce the vector
Then we have
and
The osculating spaces S of the curves WEI ω,f (z) and WEI * f (z) are the linear subspaces of C 3 spanned by the pairs of vectors WEI ω,f (z), WEI ω,f (z) and
respectively. Therefore, the equations (5.6) show that the pairs K g (z), WEI ω,f (z) and K f (z), WEI * f (z) form orthogonal bases of these osculating spaces.
We are going now to construct a generalization (f, h, d) ∈ A × A × A −→ ∆ f,h,d of the operator VAR f,h representing curves of arbitrary arc length d in C 3 and such that VAR f,h = ∆ f,h,0 . Let C be the set of all parametrized meromorphic curves Ψ : C −→ A. Decompose C into mutually disjoint classes C d according to the infinitesimal complex arc length d(z), i. e., for fixed d ∈ A denote by C d the set of all curves Ψ ∈ C with Ψ , Ψ = d 2 (z). The class C 0 is just the set of all meromorphic minimal curves.
Let Φ(z) be a minimal curve in natural parametrization, i. e., put Φ(z) = WEI * f (z). Assuming that Φ(z) is nonplanar, the vectors Φ (z), Φ (z) and Φ (z) form a basis of C 3 for each z. Therefore, any other meromorphic curve ∆ : C −→ C 3 can be represented as a linear combination
for certain meromorphic functions v 1 , v 2 , v 3 ∈ A. Denote Ψ(z) = Φ(z) + ∆(z). We establish conditions to be imposed on v 1 , v 2 , v 3 that in order that Ψ(z) and ∆(z) have the same infinitesimal complex arc length, ı.e, adding Φ(z) to ∆(z) preserves the class of ∆(z).
We find that Ψ (z) and ∆ (z) have the same infinitesimal length if and only if
Indeed, the equations (5.1) give
(5.9) Putting v 2 (z) = −v 3 (z), we get ∆ = v 1 Φ − v 3 Φ + v 3 Φ and from (5.2) we infer that the derivative of ∆ is the following linear combination of Φ and Φ only:
The conditions Φ , Φ = Φ , Φ = 0 and Φ , Φ = 1 imply
(5.11)
Consequently, both ∆ and Ψ belong to C d if and only if v 2 +v 3 = 0 and
Theorem 5.1 The mapping
is a surjective mapping of
next compute Φ by putting
14)
and finally, h is the scalar product In order to prove (5.14) we differentiate (5.12) and obtain
If Φ = WEI * f , one infers from (5.4) and (5.6) that
where
, but the special form of this function will have no meaning for our considerations. Namely, looking at the vector components of equation (5.17) one observes that δ 1 −i δ 2 = r (ϕ 1 − i ϕ 2 ) and δ 3 = r ϕ 3 −d, where we have put Φ (z) = (ϕ 1 (z), ϕ 2 (z), ϕ 3 (z)). Therefore, by the inversion formula (1.2) of the Weierstraß representation
Note that we have:
is an affine map in h with associated linear map ∆ Φ,h,0 .
The proof follows immediately from (5.12). Propositions (5.1)and (5.1) give a full description of the inverse image of a meromorphic curve under ∆, for as one can show, in the case Φ = WEI * f the operator ∆ Φ,h,0 has kernel
6 A representation formula for curves of curvature 1 in C
3
In this section we consider for curves α(z) in C 3 the ordinary curvature
At first we give the Mathematica code for the operator (5.12) and its inverses (5.13) and (5.14).
Considering for instance the circle α(z) = (cos z, sin z, 0), these programs give the data f (z) = i exp(i z), h(z) = i, d(z) = 1. An arbitrary curve α(z) of infinitesimal arc length 1 is represented as follows: the above term returns an involved expression for the curvature κ α of α. However, it is seen, that it depends only on two invariants, namely the Schwarzian derivative S(f ) of f and the product M 3 (f, h) f ,
Therefore we obtain: 
